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, Vaughan [8] 2 4 .
$k,$ $s$ , 2 , , $n$ $s$ $k$
$R_{k,\epsilon}(n)$ . ,
$R_{k,s}(n)=\#\{(m_{1}, \ldots,m_{\delta})\in \mathrm{N}^{\delta} : n=m_{1}^{k}+m_{2}^{k}+\cdots+m_{\delta}^{k}\}$





, , $n\leq P^{k}$ ,
$\int_{0}^{1}f(\alpha)^{\epsilon}e(-n\alpha)d\alpha=\sum_{m_{1}\leq P}\cdots\sum_{m_{*}\leq P}\int_{0}^{1}e((m_{1}^{k}+\cdots+m_{s}^{k}-n)\alpha)d\alpha=R_{k,s}(n)$ (2)
. Rk,$s(n)\text{ }$, circle
method . $R_{k}$,s(n) ,
, f(\alpha ) Weyl , .
$f(\alpha)$ (1) $m$ “ ” , smooth
Weyl sum , ,
, .
, (2) , $[0,1)$ 2 M, m .
,
$\mathfrak{M}=\{\alpha\in[0,1):\exists q\in \mathrm{N}, \exists a\in \mathbb{Z}, q\leq P\wedge|q\alpha-a|\leq(2kP^{k-1})^{-1}\}$
, $\mathrm{m}=[0,1)\backslash$ . “ ” “ ”\alpha




, $R_{k,*}(n;\mathfrak{M})$ $R_{k,s}(n)$ , $R_{k,\epsilon}(n;\mathrm{m})$
, . circle method , major
arcs * , minor arcs
\searrow . , $s>k>2$
, $s,$ $k$ $\delta$ ,
$R_{k,s}(n; \mathfrak{M})=\Gamma(1+\frac{1}{k})^{s}\Gamma(\frac{s}{k})^{-1}\mathfrak{S}_{k,s}(n)n^{\frac{*}{\mathrm{k}}-1}+O(P^{s-k-\delta})$ (3)
. r , $\mathfrak{S}_{k,\delta}(n)\text{ }\mathrm{s}\mathrm{i}\mathrm{n}\mathrm{g}\mathrm{u}\mathrm{l}\mathrm{a}\mathrm{r}\mathrm{s}\mathrm{e}\mathrm{r}\mathrm{i}\mathrm{e}\mathrm{s}\text{ }$ . $\mathfrak{S}_{k,*}(n)\text{ }$
[8] (218) , [8] \S 26
4 , , , singular series (
, major arcs , .
146
$n=m_{1}^{k}+\cdots+m_{s}^{k}$ ) ,
, $1<<\mathfrak{S}_{k,s}(n)<<1$ , 2
. , $P^{k}\ll n\leq P^{k}$ $R_{k,s}(n;\mathfrak{M})>>P^{s-k}$ ,
$Parrow\infty$ $\int_{\mathrm{m}}|f(\alpha)|^{\delta}d\alpha=\mathrm{o}(P^{\mathit{8}}-k)$ ,
(4)
$|R_{k,s}$ ($n$ , m)|=o(P8- , $n$ $R_{k,s}(n)>0$ .
|Rk,8(n, $m$) $|=o$( $P^{\delta}$-k) $\}$ , + n Ss
k ,
. , “ $n$ ” ,
. $n$ $|R_{k,*}(n;\mathrm{m})|$
$\mathrm{A}\mathrm{a}/\mathrm{j}\mathrm{a}$
, $n$ $|R_{k,\epsilon}(n;\mathrm{m})|$ , .




$R_{k,s}(n)=0$ , $R_{k,*}(n;\mathfrak{M})=-R_{k,s}(n;m)$ (6)
.
$g(N)=\{N/2<n\leq N:R_{\mathrm{k},s}(n)=0\}$
, $N=P^{k}$ . $n\in g(N)$ , $|R_{k,\mathit{0}}(n;m)|=|R_{k,s}(n;\mathfrak{M})|\gg P^{s-\mathrm{k}}$
, $n$ , (5) $>>\#\mathit{9}(N)\cdot(P^{-k}‘)^{2}$
,
$\# d(N)\cdot(P^{\epsilon-k})^{2}\ll\int_{\mathrm{m}}|f(\alpha)|^{2s}d\alpha$ (7)
. $o(P^{2\epsilon-k})$ $\# g(N)=\mathrm{o}(P^{k})=o(N)$ ,




(8) (4) , $n$ $R_{k,\epsilon}(n)>0\mathrm{J}$ } ,
n Rk,2’(nn) $>0$ , ,
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. , – ,
circle method , , $S$
, $S+S$ ,
. 1 ,
$x^{2}+y^{3}+z^{4}(x, y, z\in \mathrm{N})$
$x_{1}^{2}+x_{2}^{2}+y_{1}^{3}+y_{2}^{3}+z_{1}^{4}+z_{2}^{4}(x_{j}, y_{j}, z_{j}\in \mathrm{N})$
, .
,
, , , , ,
B ,
, V),
. , 2 ,
, $\mathscr{B}$ .
, minor arcs 2 . Waring
, (6) ,
$n \leq N\sum_{n\in \mathcal{B}}|R_{k,s}(n;m)|^{2}\geq\sum_{n\in \mathit{9}\cap S(N)}|R_{k,s}(n;\mathfrak{M})|^{2}>>\#(\mathscr{B}\cap d(N))\cdot(P^{s-k})^{2}$
. ,
$n \leq N\sum_{n\in \mathit{9}}|\int_{\mathrm{m}}f(\alpha)^{s}e(-n\alpha)d\alpha|^{2}=\int_{\mathfrak{n}\mathrm{t}}\int_{\mathrm{m}}f(\alpha)^{\epsilon}f(-\beta)^{s}$
$\sum_{n\in \mathit{9},n\leq N}e((\beta-\alpha)n)d\alpha d\beta$
, 2 , S(N)
, . 2 ,
$N$ $\mathscr{B}$ $n$ $\sum e((\beta-\alpha)n)$ ,
.
3. –3 Waring .
, [2] – , minor arcs
2 , , . (6)
n . (6) n
, $n$ (6) . ,
$\sum_{n\in a\cap i(N)}R(n;\mathfrak{M})=-\sum_{n\in \mathit{9}\cap\theta(N)}R(n;\mathrm{m})=-\int_{\mathrm{m}}f(\alpha)^{s}\sum_{n\in \mathit{9}\cap i(N)}e(-n\alpha)d\alpha$
(9)
, major arcs #( \sim (N)). Pa-k .
, , #(B\cap S(N))
.
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, - (9) $>>\# d(N)\cdot P^{\epsilon-k}$ , ,
$\#\mathit{8}(N)\cdot P^{s-k}<<(\int_{\mathrm{m}}|f(\alpha)|^{2\epsilon}d\alpha)^{1/2}(\#\sim(N))^{1/2}$






, $k=3,$ $s=6$ . , $\mathrm{n}d(N)$ ,
,
$\mathscr{L}(N)=\{N/\mathit{2}<n\leq N : R_{3,6}(n^{2})=0\}$
. n2 6
, $N^{2}=P^{3}$ . (6)
$\sum_{n\in B(N)}.R_{3,6}(n^{\mathit{2}};\mathfrak{M})=-\int_{\mathrm{m}}f(\alpha)^{6}K(\alpha)d\alpha$ , ’ $K( \alpha)=\sum_{n\in X(N)}e(-n^{2}\alpha)$
. (3) , R3,6(n2;M)>>P3 , H\"older
$\#\mathscr{L}(N)\cdot P^{3}\ll I_{1}^{3/4}I_{2}^{1/4}$ , , $I_{1}= \int_{\mathrm{m}}|f(\alpha)|^{8}d\alpha$, $I_{2}= \int_{0}^{1}|K(\alpha)|^{4}d\alpha$ . (10)
, $Z=\#\mathscr{L}(N)$ . , $I_{2}$
$n_{1}^{2}+n_{2}^{2}=n_{3}^{2}+n_{4}^{2}$ , $n_{1},$ $n_{2},$ $n_{3},n_{4}\in \mathscr{L}(N)$ (11)
. m 2 m
, $n_{1}$ $n_{2}$ 1 ,
n3, n4 O(N\epsilon ) \dagger , I2\ll Z2Ne .
\dagger \epsilon . , \epsilon , ( )
\epsilon , 0, \epsilon .
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, $\xi$ $I_{1}<<P^{5-\xi}$ . , (8)
, 4 Davenport
, . $I_{\mathit{2}}$ (10)
, $ZP^{3}<<(P^{5-\xi})^{3/4}(Z^{2}N^{\epsilon})^{1/4}$ , $P=N^{2/3}$ ,
$\#\mathscr{L}(N)=Z\ll P^{3(1-\xi)/2}N^{\epsilon}\ll N^{1-\xi+\epsilon}$ (12)




$\sum_{n\leq N}|R_{3,6}(n^{2};m)|^{2}=\int_{\mathrm{m}}\int_{\mathrm{m}}f(\alpha)^{6}f(-\beta)^{6}\sum_{n\leq N}e((\beta-\alpha)n^{2})d\alpha d\beta$ (13)
. ,
$\int_{0}^{1}|f(\alpha)|^{6}d\alpha\ll P^{13/\mathit{4}}$ (14)
“ ” . ,
$f(\alpha)$ $f(\alpha)$ smooth Weyl sum (14) ,
, ,
. WoOley ,
13/4 $\langle$ 3.2495 ,
.
, (13) n Weyl , $\beta-\alpha$
minor arcs , Weyl , $\sum e((\beta-\alpha)n^{2})\ll$
$N^{1/2+e}$ . , minor arcs
$\mathrm{A}^{\mathrm{a}}$ , , circle




13/2 , N \epsilon




$-$ Weyl , $\alpha\in m$ $f(\alpha)\ll P^{3/4+\epsilon}$ , (14) ,
$\int_{\mathrm{m}}|f(\alpha)|^{8}d\alpha\leq(\sup_{\alpha\in \mathrm{m}}|f(\alpha)|)^{2}\int_{0}^{1}|f(\alpha)|^{6}d\alpha<<P^{19/4+e}$,
$\xi$ 1/4 . (12) , $Z<<N^{3/4}$
. (15) , 2 (9)
.
(14) $|f(\alpha)|^{8}$ $m$ , minor arcs iterative
method Vaughan , $\xi$ 1/4
. , (12) ,




. , $\emptyset(t)$ , $t$ $\phi(t)$
1 . \mbox{\boldmath $\phi$} . ,
, \mbox{\boldmath $\phi$}(t) . \mbox{\boldmath $\phi$}
. , N n , \mbox{\boldmath $\phi$}(n) 6
$n$ $E_{\phi}(N)$ . .
1 (Br\"udern-K2-Wooley [2]) $\phi$ 2 $E_{\phi}(N)<<_{\phi}N^{19/28}$ ,
$\phi$ 3 $E_{\phi}(N)<<_{\phi}N^{37589/\mathit{4}0390}$ .
$\phi$ 3 , (15) 2
,
. , \mbox{\boldmath $\phi$} 3 E\mbox{\boldmath $\phi$}(N) ,
6 , .
1 , $\phi$ $O(1)$ ,
$m$ $\phi(t)=m-t^{3},$ $N=m^{1/3}$ ,
Vinogradov . 1 , $m^{1/3}$
$n$ $m-n^{3}$ 6 ,
, $m$ 7 Linnik
. , $m$ 7 , 7 1
“ } ’ , .






$\phi$ , 1 , $N$ $n$ , $2\phi(n)$
2 $n$ $E_{\phi}’(N)$ . Goldbach
, $E_{\phi}’(N)\ll_{\phi}1$ . , Perelli [7] 1996 ,
$A$ ,
$E_{\phi}’(N)<<_{\phi,A}N(\log N)^{-A}$
. Perelli [7] , \S 2 , minor arcs 2
. major arcs
, , Dirichlet L
. , Dirichlet L – Riemaxm
, Perelli [7] , $E_{\phi}’(N)\ll N^{1-\mathrm{c}/(d^{3}\log 2d)}$
(C , d=deg\mbox{\boldmath $\phi$}) . , , (9)
, unconditional .
2 (Br\"udern-K2-Wooley [1]) $c\text{ },$ $E_{\phi}’(N)\ll_{\phi}N^{1-\mathrm{c}/d}$, ,
$d$ $\phi$ .
5. .
\S 2 , $R_{k}$ ,s(n) (3) Rk,8(n;M) ,
, , $s>k$ ,
$R_{k,s}(n)= \Gamma(1+\frac{1}{k})^{*}\Gamma(\frac{s}{k})^{-1}\mathfrak{S}_{k,s}(n)n^{\frac{}{k}-1}.+o(n^{\dot{\mathrm{p}}^{-1}})$ $(narrow\infty)$ (16)
. Hardy-Littlewood . (4)
, $n$ $R_{k,\epsilon}(n)>0$ , (16)
, k s ,
. , (8) , n (16)





, $k=3$ . $R_{3,s}(n)$ (16)\dagger $s\geq 9$ , Hua
, Vaughan $s=8$ . $4\leq s\leq 7$
(16) , , “ n
(16) ” , Hua Vaughan . \S 2
(4) (8) . , (16)
2 singular series ($\mathrm{s}_{k,\iota}(\sim n)$ . $k=3$ ,
$s\geq 5$ $1\ll \mathrm{e}_{3,s}^{\vee}(n)\ll 1,$ $s=4$ $1\ll \mathrm{e}_{3,4}^{\vee}(n)\ll(\log\log 3n)^{4}$ .
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, (16) $n$ ,
$\phi(t)$
. , $\phi(t)$ \S 3 1 $\mathrm{A}\mathrm{a}$
. , $\gamma$ , $\phi(n)>1$
$|R_{3)s}( \phi(n))-\Gamma(\frac{4}{3})^{\epsilon}\Gamma(\frac{s}{3})^{-1}\mathfrak{S}_{3,\epsilon}(\phi(n))\phi(n)\dot{\overline{\mathrm{s}}}^{-1}|>\phi(n)^{\frac{\cdot}{\mathrm{a}}-1}(\log\phi(n))^{-\gamma}$ (17)
$N$ $n$ $E_{\phi,\gamma,*}(N)$ , .
, $n$ $(N/2, N]$ $n$ ,”’(N) ,
# ,y,s(N) .
$N$ , $\phi(N)=P^{3}$ . $n\in$ ,\mbox{\boldmath $\gamma$},s(N) , (17) (3)
, $|R_{3,s}(\phi(n);\mathrm{m})|>>P^{s-3}(\log P)^{-\gamma}$ . (6)
,,,’(N) $n$ , (9)
, $|R_{3,\epsilon}(\phi(n);m)|\text{ }\langle \text{ }$
. , . R3,8(\mbox{\boldmath $\phi$}(n);m)
, $\eta_{n}$ . $m$ $[0,1)$ ,
1/2 , $R_{3,s}(\phi(n);\mathrm{m})$
, , $|R_{3},’(\phi(n);\mathrm{m})|=\eta_{n}R_{3,s}(\phi(n);\mathrm{m})$





, $K(\alpha)=$ $\sum$ $\eta_{n}e(-\phi(n)\alpha)$ .
$n\in X_{\phi,\gamma},.(N)$
$\text{ ^{}*}- C^{9}$ , \S 3 , . (18)
#’\mbox{\boldmath $\phi$},’’t,s(N) , EE\mbox{\boldmath $\phi$}ti,s(N) ,
. $K(\alpha)$ , $\eta_{\mathrm{n}}$ weight \S 3
, $|\eta_{n}|=1_{-}^{\vee^{*}}\text{ }$ , .
$K(\alpha)$ , \S 3 (10) $|K(\alpha)|$
, . (10)
, \mbox{\boldmath $\phi$}(t)=t2 , $|K(\alpha)|\text{ }4\text{ }I_{2}\text{ }(11)\text{ }$
, K(\alpha ) Weight\eta n ,
$I_{2}$ (11) $\eta_{n_{1}}\eta_{n_{2}}\overline{\eta_{n_{3}}\eta_{n_{4}}}$ ,
$\eta_{n}$ 0(1) $I_{2}$ .
, \eta n ,
(18) , . , (16)
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, , (1)
Weyl f(\alpha ) , , f(\alpha ) smooth Weyl sum
$\mathrm{A}\mathrm{a}$ , . ,
, \S 3
.
, (18) , E\mbox{\boldmath $\phi$},\mbox{\boldmath $\gamma$},8(N)
.




$\underline{=}$ , $\deg\phi=\mathit{2},$ $s=6$ $0<\gamma<2$ $\gamma$ , $\deg\phi=\mathit{3}$ ,
$s=7$ $0<\gamma<1$ $\gamma$ , . ,
, $\deg$ $\mathrm{i}\mathrm{P}=2,$ $s=6$ $\log N$ $-2+\gamma$
$5/2-2\gamma$ , $0<\gamma<1/\mathit{2}$ .
6. .
, 5 [2], [1], [3], [4] [6] , 1
. , ,
2 . 2 Ann. Scient. \’Ecole. Norm.




, 1 , 6 ,
, 5 ,
. ,
, \S 3 (9) , 5
, , [4] [5] , .
, . [6] [2] , Waring
, mixed sums .
[2] ,
. , WoOley
\S , 3 , (Additive repraeentation in thin sequencae)
, ARTS series .
154




, , Wooley ,
. , Wooley [9], [10]
.




[1] J. Br\"udern, K. Kawada and T. D. Wooley, “Additive representation in thin sequenses,
II: the binary Goldbach problem,” Mathematika 47 (2000), 117-125.
[2] J. Br\"udern, K. Kawada and T. D. Wooley, “Additive representation in thin sequenses,
I: Waring’s problem for cubes,” Ann. Scient. \’Ecole. Norm. $\mathrm{S}\mathrm{u}\mathrm{p}$ . (4) $\mathit{3}4$ (2001), 471-
501.
[3] J. Br\"udern, K. Kawada and T. D. Wooley, “Additive representation in thin sequenses,
III: asymptotic formulae,” Acta Arith. 100 (2001), 267-289.
[4] J. Br\"udern, K. Kawada and T. D. Wooley, $‘(\mathrm{A}\mathrm{d}\mathrm{d}\mathrm{i}\mathrm{t}\mathrm{i}\mathrm{v}\mathrm{e}$ representation in $\mathrm{t}\mathrm{h}_{\dot{\mathrm{i}}}$ sequenses,
IV: lower bound methods,” Quart. J. Math. Oxford (2) 52 (2001), 423-436.
[5] J. Br\"udern, K. Kawada and T. D. Wooley, “Additive representation in thin sequences,
VI: representing primes, and related problems,” Glasg. Math. J. 44 (2002), 419-434.
[6] J. Br\"udern, K. Kawada and T. D. Wooley, “Additive representation in thin sequenses,
V: mixed problems of Waring’s type,” Math. Scand. 92 (2003), 181-209.
[7] A. Perelli, “Goldbach numbers represented by polynomials,” Rev. Mat. Iberoameri-
cana 12 (1996), 477-490.
[8] R. C. Vaughan, The Hardy-Littlewood method, 2nd ed., Cambridge Univ. Press,
1997.
[9] T. D. Wooley, “Slim exceptional sets for sums of four squaxes,” Proc. London Math.
Soc. (3) 85 (2002), 1-21.
[10] T. D. Wooley, “Slim exceptional sets for sums of cubes,” Canad. J. Math. 54 (2002),
417-448.
155
